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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I_{{1}}=I_{{2}}$$\end{document}$, these problems were studied starting in the 50s and 60s, see e.g. \[[@CR20]--[@CR22], [@CR27]--[@CR29], [@CR33]\].
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                \begin{document}$$\mathcal {H}\mathcal {H}^*$$\end{document}$ are Hilbert--Schmidt with discrete spectrum \[[@CR6], [@CR17]\]. In one particular case of overlap, when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I_{{1}}=[a_1,a_3]$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I_{{2}}=[a_2,a_4]$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_1<a_2<a_3<a_4$$\end{document}$, the spectrum is discrete, but has two accumulation points: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda =0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda =1$$\end{document}$ \[[@CR3], [@CR4]\], where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$ denotes the spectral parameter. In two cases when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I_{{1}}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I_{{2}}$$\end{document}$ touch each other, the spectrum is purely absolutely continuous. The case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I_{{1}}=[a_1,a_2]$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I_{{2}}=[a_2,a_3]$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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To obtain the above mentioned results, three methods have been employed. In very few exceptional cases, e.g. when $\documentclass[12pt]{minimal}
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                \begin{document}$$I_{{2}}$$\end{document}$ each consist of a single interval (the intervals can be separated, touch, or overlap), the method of a commuting differential operator is used \[[@CR3], [@CR4], [@CR17]--[@CR19]\]. Here the associated singular functions (and kernels of the unitary transformations) are obtained as solutions of the special Sturm-Liouville problems for the differential operator that commutes with the FHT. As is seen, both of these approaches are fairly limited.
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Thus, RHP [1](#FPar3){ref-type="sec"} plays a fundamental role in our paper. Because the jump matrix of this RHP is constant in *z*, its solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma (z;\lambda )$$\end{document}$ satisfies a Fuchsian system of linear differential equations with three singular points and, therefore, can be expressed in terms of hypergeometric functions. An explicit expression for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma (z;\lambda )$$\end{document}$ is obtained in Theorem [1](#FPar4){ref-type="sec"}. Using this expression, we show that the matrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma (z;\lambda )$$\end{document}$ is analytic for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \in \overline{\mathbb {C}}{\setminus }[-1/2,1/2]$$\end{document}$ and has analytic continuations across $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(-1/2,0)$$\end{document}$ and (0, 1/2) from above and from below (Proposition [2](#FPar6){ref-type="sec"}).

In Sect. [3](#Sec5){ref-type="sec"} we explicitly find the unitary operators $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_L: L^2([b_L,0]) \rightarrow L^2([0,1],\sigma _{\chi _L})$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${U_R: L^2([0,b_R])\rightarrow L^2([0,1],\sigma _{\chi _R})}$$\end{document}$, which diagonalize the operators $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {H}^*_L\mathcal {H}_L$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {H}^*_R\mathcal {H}_R$$\end{document}$, respectively, see Theorem [8](#FPar29){ref-type="sec"}. Here $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _{\chi _L}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _{\chi _R}$$\end{document}$ denote the corresponding spectral measures. We prove in Theorems [6](#FPar22){ref-type="sec"} and [7](#FPar25){ref-type="sec"} that the spectrum of the operators $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {H}^*_L\mathcal {H}_L$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {H}^*_R\mathcal {H}_R$$\end{document}$ is simple, purely absolutely continuous, and consists of the interval \[0, 1\]. Our approach is based on the resolution of the identity Theorem [3](#FPar9){ref-type="sec"} (see, for example, \[[@CR2]\]) and explicit calculation of the jump of the kernel of the resolvent $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{R}$$\end{document}$ over the spectral set in terms of the hypergeometric functions (Theorem [5](#FPar17){ref-type="sec"}). In the process, we find that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma (z;\lambda )$$\end{document}$ satisfies the jump condition in the spectral variable $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$ over the segment $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[-\frac{1}{2},\frac{1}{2}]$$\end{document}$, see Theorem [4](#FPar15){ref-type="sec"}, which, in some sense, is dual to the jump condition in the *z* variable, see RHP [1](#FPar3){ref-type="sec"}. This observation is a RHP analogue of certain bispectral problems \[[@CR15]\].
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==================================================================
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### Proposition 1 {#FPar1}
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### Proof {#FPar2}
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Spectral properties and diagonalization $\documentclass[12pt]{minimal}
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The goal of this section is to construct unitary operators $\documentclass[12pt]{minimal}
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Basic facts about diagonalizing a self-adjoint operator with simple spectrum {#Sec6}
----------------------------------------------------------------------------

For an in-depth review of the spectral theorem for self-adjoint operators, see \[[@CR2], [@CR11], [@CR32]\]. We present a short summary of this topic which is directly related to the needs of this paper. Let $\documentclass[12pt]{minimal}
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### Theorem 3 {#FPar9}

If *A* is a self-adjoint operator with simple spectrum, if *g* is any generating element, and if $\documentclass[12pt]{minimal}
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### Remark 2 {#FPar10}

In short, Theorem [3](#FPar9){ref-type="sec"} says that $\documentclass[12pt]{minimal}
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Thus our immediate goal moving forward is to construct the resolution of the identity for $\documentclass[12pt]{minimal}
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--------------------------------------------------------------------------------------------------------------------

From ([25](#Equ25){ref-type=""}), knowledge of the resolvent operator is paramount. We are able to express the resolvents of $\documentclass[12pt]{minimal}
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### Proposition 3 {#FPar11}
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### Remark 3 {#FPar12}
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### Proof {#FPar13}
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### Remark 4 {#FPar14}
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### Proof {#FPar16}
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### Proof {#FPar18}
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### Remark 5 {#FPar19}

From Theorem [5](#FPar17){ref-type="sec"} we can immediately see that when $\documentclass[12pt]{minimal}
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### Proposition 4 {#FPar20}
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In this subsection, we show that the spectrum of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {H}_R^*\mathcal {H}_R$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {H}_L^*\mathcal {H}_L$$\end{document}$ is simple and purely absolutely continuous. We will prove statements in this section for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {H}_R^*\mathcal {H}_R$$\end{document}$ only because the statements and ideas for proofs are nearly identical for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {H}_L^*\mathcal {H}_L$$\end{document}$. Notice that the resolution of the identity of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {H}_R^*\mathcal {H}_R$$\end{document}$ \[see ([65](#Equ65){ref-type=""})\] can be compactly written as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \hat{E}_{R,\lambda ^2}[f](x)=\int _0^{\lambda ^2}\phi _R(x,\mu ^2)U_R [f](\mu ^2)~d\sigma _R(\mu ^2), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _R, \sigma _R$$\end{document}$ are defined in ([63](#Equ63){ref-type=""}), ([64](#Equ64){ref-type=""}), respectively and the operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_R:C_0^\infty ([0,b_R])\rightarrow C^\infty ((0,1))$$\end{document}$ is defined as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} U_R[f](\mu ^2):=\int _0^{b_R}\phi _R(z,\mu ^2)f(z)dz. \end{aligned}$$\end{document}$$For any interval $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varDelta \subset [0,1]$$\end{document}$, which is at a positive distance from 0 and 1 (to avoid the singularities of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _R(z,\mu ^2)$$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu ^2\rightarrow 0$$\end{document}$ or 1), we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \big \Vert \hat{E}_{R,\varDelta }[f]\big \Vert ^2_{L^2([0,b_R])}= & {} \langle \hat{E}_{R,\varDelta }[f](\cdot ),\hat{E}_{R,\varDelta }[f](\cdot )\rangle =\langle \hat{E}_{R,\varDelta }^2[f](\cdot ),f\rangle \nonumber \\= & {} \langle \hat{E}_{R,\varDelta }[f](\cdot ),f\rangle ,\ f\in C_0^\infty ([0,b_R]), \end{aligned}$$\end{document}$$where we have used that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{E}_{R,\varDelta }$$\end{document}$ is a self-adjoint projection operator, see \[[@CR2]\] p.214. Using ([70](#Equ70){ref-type=""}) and ([71](#Equ71){ref-type=""}), it is easy to show that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \langle \hat{E}_{R,\varDelta }[f],f\rangle =\int _{\varDelta }\left| U_R[f](\mu ^2)\right| ^2~d\sigma _R(\mu ^2)=\big \Vert U_R[f]\big \Vert ^2_{L^2(\varDelta ,\sigma _R)},\ f\in C_0^\infty ([0,b_R]). \end{aligned}$$\end{document}$$By ([72](#Equ72){ref-type=""}) and ([73](#Equ73){ref-type=""}) and by continuity, we can extend $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_R$$\end{document}$ to all of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^2([0,b_R])$$\end{document}$ and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \big \Vert \hat{E}_{R,\varDelta }[f]\big \Vert ^2_{L^2([0,b_R])} = \big \Vert U_R[f]\big \Vert ^2_{L^2(\varDelta ,\sigma _R)},\ f\in L^2([0,b_R]). \end{aligned}$$\end{document}$$Taking the limit $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varDelta \rightarrow [0,1]$$\end{document}$ in ([72](#Equ72){ref-type=""}), ([73](#Equ73){ref-type=""}) and using that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{E}_{R,\lambda ^2}$$\end{document}$ is the resolution of the identity, the spectrum is confined to \[0, 1\], and there are no eigenvalues, we prove the following Lemma.

### Lemma 1 {#FPar24}
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We are now ready to conclude this section.

### Theorem 7 {#FPar25}
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### Proof {#FPar26}
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--------------------------------------------------------------------------------------------------------------------

We are now ready to use Theorem [3](#FPar9){ref-type="sec"} and build the unitary operators which will diagonalize $\documentclass[12pt]{minimal}
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### Remark 6 {#FPar27}

Using Proposition [8](#FPar78){ref-type="sec"}, it can be verified that$$\documentclass[12pt]{minimal}
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### Remark 7 {#FPar28}

Again, using Proposition [8](#FPar78){ref-type="sec"}, it can be verified that$$\documentclass[12pt]{minimal}
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We conclude this section with the following main result.

### Theorem 8 {#FPar29}
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### Proof {#FPar30}
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We later obtain a different proof of this Theorem, see Corollary [1](#FPar40){ref-type="sec"} and Theorem [13](#FPar42){ref-type="sec"}.
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=============================================================================================================

Using recent developments in the Titchmarsh-Weyl theory obtained in \[[@CR13]\], it was shown in \[[@CR19]\] that the operator$$\documentclass[12pt]{minimal}
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Theorem 9 {#FPar31}
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### Remark 8 {#FPar32}

Using properties of the Gamma functions, see \[[@CR1]\] 6.1.30, it can be shown that$$\documentclass[12pt]{minimal}
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### Remark 9 {#FPar33}
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### Theorem 10 {#FPar34}
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This subsection will be similar to the last so many proofs will be omitted, as the ideas have been previously presented. Define the functionwhere $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_4(x)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu (\omega )$$\end{document}$ are defined in Remark [4](#FPar14){ref-type="sec"} and Theorem [9](#FPar31){ref-type="sec"}, respectively. Now define$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \varphi _1(x,\omega ):=kf_L(x,\omega )+\overline{k}\overline{f}_L(x,\omega ), ~~~ \vartheta _1(x,\omega ):=l_1f_L(x,\omega )+\overline{l}_1\overline{f}_L(x,\omega ), \end{aligned}$$\end{document}$$where *k* is defined in ([95](#Equ95){ref-type=""}) and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} l_1:=\frac{k}{b_L^2(b_R-b_L)}\left[ 2\gamma +2\varPsi \left( \frac{1}{2}-i\mu \right) +\ln \left( \frac{-b_R}{b_L(b_R-b_L)}\right) \right] . \end{aligned}$$\end{document}$$

### Remark 10 {#FPar36}
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### Theorem 11 {#FPar37}
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Diagonalization of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {H}_L, \mathcal {H}_R$$\end{document}$ {#Sec13}
---------------------------------------------------------------------------------

According to the spectral theory developed in \[[@CR13]\], we have gathered nearly all the necessary ingredients to diagonalize $\documentclass[12pt]{minimal}
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### Theorem 13 {#FPar42}
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In this section we only consider the symmetric scenario when $\documentclass[12pt]{minimal}
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Remark 11 {#FPar44}
---------

Everywhere in this section we consider $\documentclass[12pt]{minimal}
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Modified saddle point method uniform with respect to parameters {#Sec15}
---------------------------------------------------------------

According to ([17](#Equ17){ref-type=""}), we are interested in $\documentclass[12pt]{minimal}
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### Theorem 14 {#FPar46}
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The idea of the proof is as follows: we deform the contour of integration in ([139](#Equ139){ref-type=""}) from \[0, 1\] to a path we call $\documentclass[12pt]{minimal}
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### Remark 12 {#FPar47}

One can simplify equation ([139](#Equ139){ref-type=""}) in Theorem [14](#FPar46){ref-type="sec"} by substituting ([138](#Equ138){ref-type=""}).
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In this subsection we use Theorem [14](#FPar46){ref-type="sec"} to calculate the leading order asymptotics of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma (z;\lambda )$$\end{document}$ given by ([17](#Equ17){ref-type=""}) as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \rightarrow 0$$\end{document}$, provided that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z\in \tilde{\varOmega }$$\end{document}$, where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \tilde{\varOmega }:=\left\{ z:~\frac{z+1}{2z}\in \varOmega \right\} , ~~~ \tilde{\varOmega }_+:=\left\{ z:~\frac{z+1}{2z}\in \varOmega _+\right\} . \end{aligned}$$\end{document}$$Notice that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\varOmega }$$\end{document}$ is a small annulus about the origin. In this section, we will often use the variable$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \varkappa =-\ln \lambda \end{aligned}$$\end{document}$$instead of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$ and the function$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} g(z):=a\left( -\frac{z}{2}\right) =\frac{1}{i\pi }\ln \left( \frac{i+\sqrt{z^2-1}}{-z}\right) . \end{aligned}$$\end{document}$$The properties of the *g*-function can be found in Proposition [6](#FPar58){ref-type="sec"}.

### Corollary 2 {#FPar48}
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We have an immediate Corollary.

### Corollary 3 {#FPar50}
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Deift--Zhou steepest descent method {#Sec17}
-----------------------------------

The *g*-function, defined in ([142](#Equ142){ref-type=""}), will play an important role so we list its relevant properties, all of which follow directly from Proposition [7](#FPar77){ref-type="sec"}.
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#### Theorem 16 {#FPar62}

$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPsi (z)$$\end{document}$ is a solution to RHP [4](#FPar61){ref-type="sec"} if and only if there exist $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x,y\in \mathbb {C}$$\end{document}$ such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \varPsi (z)=\left( \mathbf{1}+\frac{1}{z}\begin{bmatrix} x &{} -x \\ y &{} -y \end{bmatrix}\right) \left( \frac{z^2-1}{z^2}\right) ^{\sigma _1/4}. \end{aligned}$$\end{document}$$

#### Proof {#FPar63}
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#### Remark 13 {#FPar64}
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#### Corollary 4 {#FPar67}

$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} Z(z;\varkappa )=\varPsi _0(z;\varkappa )\left( \mathbf{1}+{\text {O}}\left( \frac{M^2}{\varkappa }\right) \right) ~~~\text {as}~~~\varkappa \rightarrow \infty \end{aligned}$$\end{document}$$uniformly in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z\in \tilde{\varOmega }$$\end{document}$,
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#### Remark 15 {#FPar69}
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#### Corollary 6 {#FPar72}
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We are now ready to prove the main result of this section.
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A.1 Solutions of ODE ([210](#Equ210){ref-type=""}) near regular singular points and connection formula {#Sec22}
------------------------------------------------------------------------------------------------------
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### Remark 16 {#FPar83}
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D.2 Estimates {#Sec30}
-------------
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Next we show that the contribution away from the saddle point is negligible.
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